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Entrance Region Flow

E. B. CHRISTIANSEN and H. E. LEMMON
University of Utah, Salt Lake City, Utah

The results of rigorous numerical solutions of the general equations of motion are presented
for isothermal, laminar, Newtonion flow in a tube entrance region for a uniform entrance
velocity. Computed velocity profiles, entrance lengths, and pressure gradients are compared

with previous theoretical and experimental results.

In flow from a chamber up to and through a tube, the
fluid velocity profile, which at the entrance may vary
considerably with conditions, approaches asymptotically
that of fully developed flow in the entrance region. The
pressure field in a tube entrance region differs from that
for fully developed flow in consequence of the kinetic
energy changes and the excess viscous dissipation of energy
which occur in the establishment of the developed veloc-
ity profile. An exact description of the velocity and pres-
sure fields in the entrance region would provide a basis
for evaluation of the many approximate solutions of the
equations of motion and boundary-layer equations for
entrance flow, for analysis and understanding of tube en-
trance region forced convection energy and mass trans-
port, and for development and evaluation of flow stability
theory.

H. E, Lemmon is with Heliodyne Corporation, Norton Air Force Base,
California.

¢ In accord with usual practice the entrance length or region is here
defined to extend from the beginning of the constant diameter section
of the tube to a point where the centerline velocity has increased to
99% of that for fully developed flow.
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This study is concerned with Newtonian flow in the en-
trance region of a tube of circular cross section in which
the velocity profile at the tube entrance is approximately
flat, such as may occur in viscous flow into a tube with a
rounded entrance at relatively high Nx..

In general, solutions of the differential equations of
motion for tube entrance flow consist of approximate solu-
tions of restricted forms of the equations of motion, varia-
tions in the application of the Prandtl boundary-layer
equations, or combinations of these in which a boundary-
layer solution valid near the entrance is coupled with a
solution of restricted equations of motion which is valid
far from the entrance.

By restricting application of the equations of motion in
cylindrical coordinates (I, p. 85) to conditions such that
the flow is independent of time, the radial component of
the equations of motion is negligible, any angular motion
is negligible (axisymmetric flow), the fluid density and
viscosity are constant (isothermal and isobaric flow or
temperature and pressure independence), and the flow is
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independent of any existing body force field, the equa-
tions of motion in cylindrical coordinates are reduced to

( b, . ) aP
v, —+ 0, — ) =——
P\ " ar 9z oz

1 9 ( av,) &v. ]
—_—— r— —— 1
T [ r or or + oz (1)
In cylindrical coordinates, the microscopic equation of
continuity is
év,. 0, 00,
L L4 =0 2
or + r + 9z (2)
In obtaining solutions of (1) for flow in a tube en-
trance region, one or more of the following additional as-
sumptions have been made by previous investigators:
1. Axial molecular transport of momentum is neg-

ligible
o, 1 9 ( au,)
oz << r o r or (3)

2. The pressure is a function of z and is independent
of r

P=P(z) (4)
3. The velocity at the tube entrance is uniform
Dentrance) #f(r) (5)
4. The effect of radial flow is negligible
6‘02 a‘U,
y— LV, — 6
° ar < iz (6)
5.
1 oP dv.
_Lee . )
p 02 0z

NEW NUMERICAL SOLUTION

In this study (13), Equation (1) was solved for the
conditions of (3), (4), and (5) by numerical methods
with an IBM 7090 digital computer. The entrance region
of the tube was considered to comprise N concentric an-
nuli, a radial distance h across, cut by planes perpendicu-
lar to the axis into annular segments a distance k long
(see Figure 1). Equation (1) in appropriate finite-differ-
ence form then was written for each of the N + 1 cylin-
drical boundaries of a set of N annular concentric seg-
ments k long. The values of P and the N + 1 velocities
are known at the entrance to the segments, and the cor-
responding values at the outlet (end) of the segments
were determined by solving the N 4 1 equations by an
iterative process in which the value of P at the end of
the segments required to maintain a constant flow rate
was determined. A modified Gauss-Seidel method was
used to solve the set of N 4 1 equations for which the
matrix of coefficients were of order 200 by 200.

Equation (1), including 2—::, is an elliptic partial dif-

TUBE WALL

T
L =
1 § ! i
o |
[ ! r
P v
P ! :
t
LT L el =
Lo L._ ________________ ]
Pt I
CTENTER LINE
Fig. 1. Division of flow cross section for

finite-difference procedure.
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Fig. 2. Reduced experimental velocity and

length data of Reshotko, Pfenninger, and

Nikuradse compared with computed data of
this investigation.

ferential equation and cannot be solved by the initial
value technique employed. However, it is of interest that,
with this term included, the numerical method employed
was operable at Ng, > 200, which suggests that axial dif-
fusion of momentum is negligible at Nz, as low as 200 at
least. However, Campbell (4) estimates 12% of the drag
force to be a consequence of axial diffusion of momentum
at Nz, = 600 and z* = 10™

COMPUTED VELOCITY PROFILES COMPARED WITH
EXPERIMENTAL DATA

Reduced velocity profiles computed under conditions
(3), (4), and (5) and the experimental data of Nikuradse
(15, p. 27), Pfenninger (14), and Reshotko (17) are
plotted in Figure 2 for comparison. The data of Nikuradse
for an unspecified fluid and those of Pfenninger and Rosh-
otko for air are for tubes with rounded entrances. In gen-
eral, the agreement is fair. However, there are significant
differences, especially toward the tube entrance and wall.
It should be pointed out that these sets of experimental
data are not believed to be sufficiently accurate and/or
complete for a rigorous test of the solution of the equa-
tions of motion or for flow stability analysis (5, 21, 26).
It is of interest that, when radial convection of momen-
tum was neglected, the computed velocity profiles were
essentially the same, except at the tube centerline, where
they were somewhat low.

COMPARISON OF NUMERICAL SOLUTION WITH
PREVIOUS THEORETICAL SOLUTIONS

It is instructive to compare the rigorous numerical solu-
tion of (1) for conditions (8), (4), and (5) with previ-
ous approximate solutions. In order to facilitate compari-
sons, the computed velocity profiles, together with data
from several previous solutions and experimental studies,
are plotted in Figures 2, 3, and 4 for 7/R of 0.0, 0.6, and
0.9, respectively.

Boussinesq (3, 9, p. 306) in a pioneering study solved
Equation (1) under the additional conditions of (3), (4),
and (5) by using the Poiseuille velocity plus a perturba-
tion correction f(r, z), which satisfied the flow and con-
tinuity equations. Data developed by Campbell and Slat-
tery (4, 5) from Boussinesq’s solution are plotted in Fig-
ures 3, 4, and 5, and, as expected, his approximation im-
proves with distance from the entrance. Langhaar (12)
also solved Equation (1) with the conditions of (3), (4),
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Fig. 3. Representative experimental and com-
puted reduced centerline velocity data plotted
vs. reduced length.

D+><x0bpOAOe»

and (5), after linearizing Equation (1) by assuming the
substantial derivative equal to u[f(z)]°v., which is rigor-
ous in the unsheared central core. As indicated in Figures
3, 4, and 5, his solution appears satisfactory at the tube
centerline, very near the entrance or far from the entrance.
Also, Targ (25) linearized Equation (1) by assuming the
substantial derivative equal to v. du/9z and replaced
—1- %i;— with (2»/R) du/or to obtain a solution. More re-
P

cently, Sparrow et al. (27) employed the following
linearized form of Equation (1).

e(z) v (30,/32) = A(2) + v [%—:r_ Q%;’-) ] (8)

which is similar to but embodies a more general lineariza-
tion of the inertial terms than that used by Targ, and
matched pressure gradients based on momentum and en-
ergy considerations to obtain a solution. Velocity profiles
by Sparrow et al. (27) are nearly identical with those
computed by the presently reported. numerical solution
(see Figures 3 and 5). By Targ’s solution, which neg-
lects the contribution of momentum change to pressure
gradient, velocity profiles develop more slowly near the
entrance than'is predicted by our numerical solution.

COMPARISON OF NUMERICAL SOLUTIONS WITH
BOUNDARY-LAYER SOLUTIONS

The basic conditions of boundary-layer theory do not
exist in tube entrance region flow and are closely approxi-
mated only near the tube entrance, where thé boundary
layer is relatively thin. Nevertheless, many useful bound-
ary-layer solutions have been achieved. In most of these

—— THIS INVESTIGATION
~-—- NIKURADSE (exp.)
16l. 4 PFENNINGER (exp)

CAMPBELL-SLATTERY
LANGHAAR
SCHILLER

© ATKINSON-GOLDSTEIN
v BOUSSINESQ

SIEGEL {quartic profile)
TATSUMI

<
A
(o]
® RESHOTKO (exp) X SIEGEL {cubic profile)
+
a
0 COLLINS-SCHOWALTER

Fig. 4. Representative experimental and com-
puted reduced velocity data at r/R = 0.6 plot-
ted vs. reduced length.
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0 [es]} Q.02 003 004

Fig. 5. Representative experimental and com-
puted reduced velocity data at r/R = 09
plotted vs. reduced length.

solutions, Equation (1) under restrictions (3), (4), and
(5) is integrated across the boundary layer to obtain a
momentum integral equation (an approximation) into
which a suitable boundary-layer velocity profile v, is
inserted. A form of the Bernoulli equation

AE—02+LAP=O (9)
2 P

is applied to an unsheared (assumed) core. The restric-
tions of Equations (3), (4), (5), and (6) are implicit in
Equation (9). Thus Schiller (19) employed restrictions
(3), (4), (5), and (6) and a parabolic velocity profile
in his momentum equation for the developing boundary
layer and applied (9) to the unsheared core.

Schiller’s procedure was repeated essentially by Siegel
(22, 24) for modified cubic and modified quartic bound-
ary-layer velocity profiles and by Bogue (2) for cubic
velocity profiles and power law flow. The equation for
power law flow

r=m(8§)" (10)
represents Newtonian flow when n = 1.0. Bogue included
. du . -
the radial momentum term v, T in the von Karman
r

integral method (20, p. 137). Nevertheless, results ob-
tained by Bogue’s solution for n = 1 are essentially the
same as those for Schiller’s solution. As shown in Figures
3, 4, and 5, velocity profiles from these integral method
solutions vary little with the assumed boundary-layer
velocity profile, are best near the tube entrance, and de-
viate considerably far from the entrance, especially at the
centerline, where boundary-layer theory does not apply.
Tomita achieved similar results for power law flow and
n = 1 by boundary-layer solutions with Schiller’s method
(29) and a variational method (30). Recently, to account
for viscous dissipation of energy in the boundary layer,
Campbell and Slattery (5) modified Schiller’s method in
that they applied a form of (9) plus a viscous dissipation
of energy term F (I, p 212) to the entire flow in com-
puting pressures, whereas Schiller et al. applied Equation
(9) only to the unsheared core. Their solution is much
improved over Schiller’s, especially at greater distances
from the entrance, where an increasingly large part of the
fluid is in boundary-layer shear and viscous dissipation of
energy is increasingly important.

Tatsumi (28) simplified Equation (1) by assuming
(8), (5), (7), an undeformed central core, and other
conditions employed in boundary-layer theory and by as-
suming a stream function such that velocity profiles are
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almost similar. Velocity profile data by his boundary-layer
mode! solution are in good agreement with those of Pfen-
ninger and with those by our numerical solution very near
the tube entrance. However, deviations become significant
as z* approaches 0.005, where his analysis indicates that
the undeformed core assumption is invalid. Tatsumi’s
method is a variation of the “downstream” analysis em-
ployed for flow in a channel by Schlichting (20, p. 169).

Atkinson and Goldstein (9, pp. 304-308) also employed
a variation of Schlichting’s method (20, p. 169). They
simplified (1) by (3), (4), (5), and (7) and assumed

a stream function

b= K2 (4T fln) (1)

to obtain a boundary-layer model solution which is be-
lieved to be accurate at z* = 0.0006 (9, p. 306). As sug-
gested by Schlichting, this solution was then coupled at
z" = 0.0006 with a Boussinesq type of solution which is
valid far from the entrance. Their coupled relationship
yields velocity profile data which agree with Nikuradse’s
centerline data, with Reshotko’s data at /R = 0.6, and
with our computed data at z* = 0.0l except near the
centerline. Similarly, Punnis (16) joined a downstream
boundary-layer solution to a Boussinesq type of solution
at z* = 0.0004 to obtain a solution which appears to be
inferior to that of Atkinson and Goldstein. Recently, Col-
lins and Schowalter (7) analyzed power law flow by a
procedure analogous to that employed by Atkinson and
Goldstein and computed velocity profile data for New-
tonian flow (n = 1) which agree with those of Atkinson
and Goldstein except at the centerline, where the devia-
tion from data by our numerical solution is greater.

COMPUTED AND EXPERIMENTAL PRESSURE GRADIENTS

Entrance region pressure gradients commonly are re-
ported as the excess C of Equation (12) over that for
Poiseuille flow

TaBLE 1. VaLues oF C [EQuaTtioN (12)] anp
Repucep ENTRANCE LENGTHS

Experimental
C z/(DNz.)
Dorsey (8) 1.08, 1.00 _
Knibbs (11) 127+8%  —
Nikuradse (15) 1.32 0.0625
Rieman (18) 1248+ 1% —_
Schiller (19) 132+ 10% —
Weltmann and Keller (31) 12+10% —
Theoretical

This investigation [Equation

(1) with radial term} 1.274 0.0555
This investigation [ Equation

(1) without radial term] 1.015 —
Atkinson and Goldstein (9) 1.41 0.065
Bogue (2) 116 0.0288
Boussinesq (3) 1.24 0.065
Campbell and Slattery (5) 118 0.0675
Collins and Schowalter (7) 1.33 0.061
Langhaar (12) 1.28 0.0575
Schiller (19) 1.16 0.0288
Siegel (cubic profile) (24) 1.08 0.0300
Siegel ( quartic profile) (24) 1.108 0.0296
Sparrow, Lin, and Lundgren (27) 124 —
Tomita (30) 1.22 0.0505
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Fig. 6. Computed entrance region pressure gradient data from this
study plotted vs. reduced length.
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Included in C is the contribution for the change from a
uniform to a parabolic velocity profile and the entrance
friction loss in excess of that for Poiseuille flow, C — 1.
Computed and experimental values of C, as well as re-
duced entrance region lengths, are tabulated in Table 1.
In general, results from our numerical solution agree with
previously reported computed and experimental data and
we believe them to be the most reliable. It is of interest
to note that the inclusion of the radial convection of mo-
mentum in the numerical solution significantly increased
the pressure loss, whereas the pressure loss by Schiller’s
boundary-layer solution, in which radial convection is neg-
lected, is identical with that from Bogue’s repetition of
Schiller’s solution, in which the radial term was retained.
Computed reduced pressure gradient data are presented
in Figure 5 as a function of the reduced length. These
data, together with data from previous experimental and
analytical studies, are also presented in Figure 6 in a form
which facilitates acute discrimination. The data computed
by means of the several theoretical analyses differ con-
siderably. However, data by our numerical solution are
relatively close to the mean of the experimental data.
Furthermore, in comparison with Equation (13)

+C (12)

IR

|
1
T
i
]

QO  RIEMAN (exp. series 6)
X WHITELAW— SAVAGE (exp.) A

24 —-— ATKINSON—GOLDSTEIN
[—_ —--- CAMPBELL—SLATTERY M
——-— LANGHAAR ¥
22 L— ——— THIS INVESTIGATION X
£ -—  SCHILLER
75

6 8 107 2
Fig. 7. Comparison of computed and experi-

mental entrance region pressure gradient data
from several investigators.
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=— (13)

which represents the mean of the high Ni. data of Kline
and Shapiro for 10° < z* < 107 (10, 22), our computed
data agree almost exactly in the lower range and are only
about 2% higher at z* = 10~

CONCLUSIONS

Although the available experimental data are inade-
quate for a very rigorous test of our numerical solution of
the equations of motion for Newtonian flow in a tube en-
trance region, the agreement of computed with experi-
mental velocity profile, entrance length, and pressure
gradient data indicates that a close approximation to real-
ity for the prescribed conditions has been achieved. The
results are expected to be useful in viscometry, in flow
stability studies, and in the development of theory con-
cermed with entrance region flow and energy and mass
transport in the case of Newtonian flow.
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NOTATION

A = area L°

C = entrance region excess pressure gradient, dimen-
sionless

D == diameter, L

E = rate of viscous dissipation of energy per unit of

mass, L§>

h = radial dimension of finite-difference grid, L

k =: axial dimension of finite-difference grid, L

L = length, L

M = mass

m = constant in Ostwald de Waal power law equa-
tion, Mé" L'

N = number of annular scgments in finite-difference
grid

n = constant in Ostwald de Waal power law equation,
dimensionless

P = pressure, ML7¢*

R = radius of tube, L

r = radial distance, cylindrical coordinate, L

S = shearing rate or rate of strain, 7

T = temperature

v = velocity, L§"

M = axial distance along tube, cylindical coordinate, L

Subscripts

c == centerline property

e = property at tube entrance

m == mass average

0 = property at tube or section exit
r = radial property or direction
= = axial or coordinate property or direction

Superscript
+ = normalized or reduced property

Greok Letters
0 = time
v = u/p
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7 = shearing stress or momentum flux ML¢™*
o = viscosity or consistency, ML '¢"

P = density, ML™

¢ = stream function

e(x) = f(x) which weights v

A(x) = includes dP/dx plus residual inertia terms

Dimensionless Groups
Nk, = Reynolds number, Dvp/u

z* = reduced axial distance, z/(DN;.) or L/(DNg.),
dimensionless

n = {1 — r*/R*)/4(4z*)"*, dimecnsionless

Mothematical Symbols

f = function of

A = finite increment
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